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Edge integration refers to a hypothetical process by which the visual system combines information about the local contrast, or
luminance ratios, at luminance borders within an image to compute a scale of relative reﬂectances for the regions between the
borders. The results of three achromatic color matching experiments, in which a test and matching ring were surrounded by one or
more rings of varying luminance, were analyzed in terms of three alternative quantitative edge integration models: (1) a generalized
Retinex algorithm, in which achromatic color is computed from a weighted sum of log luminance ratios, with weights free to vary as
a function of distance from the test (Weighted Log Luminance Ratio model); (2) an elaboration of the ﬁrst model, in which the
weights given to distant edges are reduced by a percentage that depends on the log luminance ratios of borders lying between the
distant edges and the target (Weighted Log Luminance Ratio model with Blockage); and (3) an alternative modiﬁcation of the ﬁrst
model, in which Michelson contrasts are substituted for log luminance ratios in the achromatic color computation (Weighted
Michelson Contrast model). The experimental results support the Weighted Log Luminance Ratio model over the other two edge
integration models. The Weighted Log Luminance Ratio model is also shown to provide a better ﬁt to the achromatic color
matching data than does Wallach’s Ratio Rule, which states that the two disks will match in achromatic color when their respective
disk/ring luminance ratios are equal.
 2003 Published by Elsevier Ltd.
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color computation
Computational models play an important role in the
search for the neurophysiological basis of perceptual
phenomena. No current computational model of any
perceptual phenomena can begin to capture the com-
plexity of the actual neural mechanisms underlying that
phenomena, but a good model can help to organize
thinking about possible neural accounts of perceptual
phenomena and suggest plausible connections between
psychophysical and neurophysiological data.
In the ﬁeld of achromatic color perception, a com-
putational model that has had, and continues to have, a
major impact on both the design and interpretation of
psychophysical studies is Land’s Retinex theory (Land
& McCann, 1971; Land, 1977). Retinex theory asserts* Corresponding author. Tel.: +1-206-685-1572; fax: +1-206-685-
3157.
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doi:10.1016/j.visres.2003.12.004that color is computed in a series of stages involving: (1)
neural encoding of the luminance ratios at luminance
borders within the image; (2) combination of these local
luminance ratios across space to reconstruct the scale of
relative reﬂectances for the regions lying between the
borders; and (3) anchoring of the relative reﬂectance
scale to an absolute physical referent (often assumed to
be the highest luminance within the image).
In this paper, we focus our attention on the second
stage of the Retinex computation, known as edge inte-
gration. The purpose of the experiments reported here is
to show that some quantitative properties of achromatic
color induction fall out naturally from an edge integra-
tion model that can be viewed as a modiﬁcation of the
original Retinex model proposed by Land and McCann.1.1. Quantitative edge integration algorithms
A basic assumption of Retinex theory, and one that
dominates the current achromatic color literature, is the
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be thought of as the brain’s attempt to reconstruct the
reﬂectances of regions within the retinal image. Accord-
ing to this view, color is ‘‘perceived reﬂectance.’’ We will
limit our discussion here to the perception of reﬂectances
of regions embedded within two-dimensional gray-scale
images comprising arbitrary geometric shapes having
homogeneous luminance and separated by sharp bor-
ders, commonly referred to as Mondrian patterns.
To deﬁne a scale of relative reﬂectances for the set of
regions lying within any particular Mondrian, it suﬃces
to be able to calculate the luminance ratio of any two
regions in the image. Let us refer to the luminance of an
arbitrarily chosen region as Li and the luminance of a
second such region as Lj. The Retinex algorithm calcu-
lates the ratio Lj=Li by a chain multiplication of the local
luminance ratios at borders encountered along a path
between the two regions of interest, as in
Lj
Li
¼ Liþ1
Li
 Liþ2
Liþ1
     Lj
Lj1
: ð1Þ
This chain multiplication of local luminance ratios is
mathematically equivalent to a serial addition of log
luminance ratios, as in
log
Lj
Li
¼
Xj1
l¼i
log
Llþ1
Ll
: ð2Þ
Under the assumption that the Mondrian is lit by a
single uniform illuminant, Eq. (2) leads to a ratio scaling
of reﬂectances that is veridical in the sense that it
reconstructs the true scale of reﬂectances within the
image, up to a constant that depends on the choice of an
anchoring rule.
It is well known that human achromatic color per-
ception exhibits spatial context dependencies that cannot
be accounted for by Eq. (2). For example, the familiar
simultaneous contrast illusion demonstrates that the
achromatic color of a test region is especially strongly
inﬂuenced by the luminance of its immediate surround.
The pronounced inﬂuence of nearby luminance on
achromatic color suggests a possible modiﬁcation of Eq.
(2) in which the log luminance ratios of the borders
encountered along each path from the test patch, whose
achromatic color is judged, (e.g., region i) to any given
reference patch (e.g., region j) are weighted by linear
coeﬃcients whose values decrease monotonically as a
function of the distance between regions i and j, as in
/i ¼
Xj1
l¼i
wliþ1 log
Llþ1
Ll
: ð3Þ
/i represents the summed inﬂuence on the test color of all
of the borders present within the spatial surround, and
has a natural interpretation as a neural induction signal
that determines the achromatic color of the test patch.
Of particular interest for the present purposes is the
special case in which only two luminance borders con-tribute to the achromatic color induced in the test, as for
example when a test disk of luminance D is surrounded
by a ring of luminance R, which in turn is surrounded by
a background ﬁeld of luminance B. In this special case,
Eq. (3) reduces to
/i ¼ w1 log
D
R
þ w2 logRB : ð3aÞ1.2. Previous psychophysical studies of edge integration
Reid and Shapley (1988; Shapley & Reid, 1985) per-
formed a series of achromatic color matching experi-
ments in which two incremental disks, both of which were
surrounded by rings, were made to appear identical in
achromatic color. In their experiments, the ring sur-
rounding the test disk, the achromatic color of which was
judged by the observers, was lighter than the background
ﬁeld. The ring surrounding the matching disk, the
luminance of which was adjusted to obtain an achro-
matic color match to the test, was darker than the
background.
Reid and Shapley ﬁt their data with a quantitative
model based on the assumption that the total induction
exerted on each disk was a weighted linear combination
of the Michelson contrasts at the inner and outer ring
borders, as in
/D ¼ w1
2ðD RÞ
ðDþ RÞ þ w2
2ðR BÞ
ðRþ BÞ : ð4Þ
/D represents the total induction signal contributing to
the achromatic color of either the target or comparison
disk, D is the disk luminance, R is the ring luminance, B
is the background luminance, and the ratios 2ðD RÞ=
ðDþ RÞ and 2ðR BÞ=ðRþ BÞ are the Michelson con-
trasts at the inner and outer borders, respectively, of the
surround ring. At low contrasts, Reid and Shapley
(1988) proved that Eqs. (3) and (4) are approximately
equivalent at low contrast.
Reid and Shapley repeated their experiment with
rings of diﬀerent sizes. They ﬁt the data from experi-
ments performed with diﬀerent ring sizes with Eq. (4)
and, from the ﬁts, estimated the relative strengths of the
linear weighting parameters w1 and w2. Their analysis
indicated that the induction strength ratio w2=w1 falls oﬀ
with ring size. They interpreted the spatial decay of the
induction strength ratio in terms of a distance-depen-
dent falloﬀ in the strength of the induction signal pro-
duced by the outer ring border.
Rudd and Arrington (2001) performed a quantitative
study of darkness induction in which observers adjusted
the luminance of a matching disk that was surrounded
by a single ring of higher luminance to achieve an ach-
romatic color match to a test disk that was surrounded
by two concentric rings. Achromatic color matches were
studied as a function of manipulations of the inner and
outer test ring luminances. The luminances of the test
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was never less than the test disk luminance, and the
outer ring luminance was never less than the inner ring
luminance, thus insuring pure luminance decrements.
Their results were modeled with an achromatic color
matching equation having the form
w1 log
RM
DM
¼ wl logR1TDT þ w2 1

 a logR1T
DT

log
R2T
R1T
;
ð5Þ
where DM is the matching disk luminance, RM is the
matching ring luminance, DT is the test disk luminance,
and R1T and R2T are the luminances of the inner and
outer rings surrounding the test.
Rudd (Rudd, 2001; Rudd & Arrington, 2001) inter-
preted Eq. (5) in terms of a presumed underlying neural
ﬁlling-in mechanism. The expression on the left-hand
side of the equation, w1 log
RM
DM
, was identiﬁed with the
magnitude of a neural darkness induction signal gener-
ated by the border between the matching disk and its
ring, and the expression on the right-hand side of the
equation, w1 log
R1T
DT
þ w2ð1 a log R1TDT Þ log
R2T
R1T
, was iden-
tiﬁed with the magnitude of a neural darkness induction
signal formed from the combination of two independent
induction signals. The ﬁrst of these latter two induction
signals is generated by the border between the test disk
and the inner ring and has magnitude w1 log
R1T
DT
. The
second induction signal is generated by the border be-
tween the inner and outer rings and has magnitude
w2ð1 a log R1TDT Þ log
R2T
R1T
. Any potential induction eﬀects
that might have been generated by the outer borders of
both the matching and test conﬁgurations were appar-
ently negligible and were, in fact, neglected to simplify
the mathematical analysis.
Note that the luminance ratios in Eq. (5) are written
with the luminance of the outer ﬁeld on top. The log
luminance ratio associated with any given border will
therefore be positive if and only if the luminance of the
ﬁeld on the inside of the border is less that of the ﬁeld on
the outside of the border. This was always the case in the
experiment of Rudd and Arrington. Since the weights wi
are assumed to be everywhere positive, positive terms in
this equation represent darkness induction signal mag-
nitudes. In Eq. (3a), the opposite convention is used:
luminance ratios are written with the luminance of the
inner ﬁeld on top. Positive terms thus represent lightness
induction signal magnitudes. The latter convention
seems more intuitive and we will therefore employ it
throughout the remainder of this paper. The expression
on the right-hand side of Eq. (5) also diﬀers from Eq.
(3a) by including a term ð1 a log R1TDT Þ that modulates
the induction signal generated by the outer border of the
inner test ring by a factor that depends on the log
luminance ratio of the border between the test disk and
the inner test ring. Rudd and Arrington interpreted thisterm as resulting from a ‘‘partial blockage’’ of a
spreading induction signal produced by the luminance
border between the inner and outer rings by the border
between the test disk and inner ring. From a formal
mathematical perspective, the modulation term is
necessitated by the presence of a component of achro-
matic color induction that depends on a multiplicative
interaction between the log luminance ratios of the inner
and order ring borders. The strength of this interaction
is modeled by the parameter a, referred to by Rudd and
Arrington as the blocking parameter.
In ﬁtting their model to their psychophysical data,
Rudd and Arrington found that the induction strength
ratio w2=w1 < 1 for both of their psychophysical
observers, consistent with the conclusion of Reid and
Shapley that induction strength declines with distance
from the test.
1.3. Logic behind the current experiments
Here we report the results of three achromatic color
matching experiments designed to test the adequacy of
the quantitative edge integration models corresponding
to Eqs. (3)–(5). In order to test the most general
hypotheses that our methods allow, we will not assume a
priori that w2 < w1 and a > 0, although the results of
past research suggests that these conditions should hold.
The purpose of the new experiments was, ﬁrst, to
determine whether any of the edge integration models
under consideration provides a satisfactory quantitative
account of the matching results, secondly, to pit the
three models against one another and, thirdly, to
determine whether the assumptions w2 < w1 and a a > 0
are valid in the current experimental situation.
All three experiments are variations on a classic
experiment by Wallach (1948, 1963) in which the lumi-
nance of a stimulus disk was adjusted to achieve an
achromatic color match to another disk, as a function of
the disk surround luminances. Wallach found that an
achromatic color match was achieved when the disk-to-
surround luminance ratios were approximately equal on
the two sides of the display, a result known as Wallach’s
Ratio Rule.
According to the Ratio Rule, an achromatic color
match should obtain when the disk/ring luminance ra-
tios are identical on the two sides of the display (Fig.
1a), as in
DM
RM
¼ DT
RT
: ð6Þ
Solving Eq. (6) for DM, and taking the logarithm of
the resulting expression yields
logDM ¼ logDT þ logRM  logRT: ð7Þ
Thus, according to the Ratio Rule, if we plot the loga-
rithm of the observer’s matching disk settings as a
Fig. 1. Diagram of the visual stimulus used in the experiments. The
observer’s task was to adjust the luminance RM of the matching disk to
achieve a lightness match to the test disk. (a) In Experiments 1 and 2,
the test disk was surrounded by a single ring. The test ring radius
pictured is the one used in Experiment 1. In Experiment 2, the ring
radius was varied between blocks of trials and took on the values 0.06,
0.18, 0.35, 0.70, 1.06, 1.41, 1.77, 2.13, and 2.48 deg. Within blocks, test
ring luminance RT was varied from 2.54 to 6.31 cd/m2 in six steps of
equal RGB units. (b) In Experiment 3, the test disk was surrounded by
two concentric test rings. The luminance R2T of the outer ring was
varied over the range from 2.54 cd/m2 to 6.31 cd/m2 in six steps of
equal RGB units.
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should fall on a straight line having the slope )1.0.
According to the generalized Retinex model with
arbitrary distance-dependent weightings of log lumi-
nance ratios at borders (Eq. (3))––hereafter referred to
as the Weighted Log Luminance Ratio, or WLLR
model, for short––an achromatic color match should be
achieved in this experiment if and only if the sum of
the achromatic color induction signals generated by the
inner and outer borders of the matching ring equals the
sum of the achromatic color induction signals generated
by the inner and outer borders of the test ring, as in
w1 log
DM
RM
þ w2 logRMB ¼ w1 log
DT
RT
þ w2 logRTB : ð8Þ
Solving Eq. (8) for the logarithm of the matching disk
setting yieldslogDM ¼ logDTðw1 þ aw2 logBÞ þ logRMðw1  w2 þ aw2ðlogBw1 þ aw2ðlogB logRMÞ
 w1  w2 þ aw2ðlogBþ logDTÞ
w1 þ aw2ðlogB logRMÞ
 
logRT þ w1 þ
logDM ¼ logDT þ 1

 w2
w1

logRM  1

 w2
w1

logRT:
ð9Þ
The WLLR model thus predicts that if we plot the log of
observer’s matching disk settings versus the log of the
test ring luminance, the data should fall on a straight
line having a slope equal to w2w1  1. If it is further as-
sumed, as suggested by past research, that w2 < w1, the
slope b of the plot should lie in the range 0 > b > 1.
The edge integration model introduced by Rudd and
Arrington can be viewed as a modiﬁcation of the WLLR
model in which the induction eﬀect due to the outer
border of the surround ring is partially blocked by an
amount that is proportional to the logarithm of the
luminance ratio at the inner border of the ring. This
model will therefore be referred at the Weighted Log
Luminance Ratio model with Blockage, or the ‘‘Block-
age’’ model for short. For achromatic color matching
experiments performed with simple disk-and-ring stim-
uli, the Blockage model predicts the following achro-
matic color matching equation:
w1 log
DM
RM
þ w2 1

 a logDM
RM

log
RM
B
¼ w1 logDTRT þ w2 1

 a logDT
RT

log
RT
B
: ð10Þ
Note that in changing our convention for writing
luminance ratios from the ‘‘outer luminance on top’’
convention used by Rudd and Arrington to the ‘‘inner
luminance on top’’ convention used in this paper, the
sign of the logarithmic term that multiplies the blocking
parameter a changes. Depending on the contrast
polarity of the border associated with this term, the sign
of a may also have to ﬂip in order for a term of the form
1 a log DiRi to signify the partial blocking of an induction
signal originating from another border. There is no
alternative convention that avoids the introduction of
negative a values for all possible disk-and-ring stimuli,
since such stimuli may in general possess borders of ei-
ther contrast polarity. For the particular border contrast
polarities used in the present study, the sign of a must be
negative in order for Eq. (10) to model blockage. The
reader is urged to keep this fact in mind in what follows.
Eq. (10) can be solved to obtain the following
expression for logDM as a function of logRT: logRMÞÞ
aw2
aw2ðlogB logRMÞ

log2 RT: ð11Þ
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predicts that a plot of logDM vs logRT should be cur-
vilinear, whereas the WLLR model (Eq. (9)) and the
Ratio Rule (Eq. (7)) both predict that the plot of logDM
vs logRT should be linear.
Finally, the weighted Michelson contrast summation
model (hereafter the Weighted Michelson Contrast, or
WMC, model) predicts that, for an achromatic color
match, the following equation should hold:
w1
2ðRM  DMÞ
ðDM þ RMÞ þ w2
2ðB RMÞ
ðRM þ BÞ
¼ w1 2ðRT  DTÞðDT þ RTÞ þ w2
2ðB RTÞ
ðRT þ BÞ : ð12Þ
Eq. (12) can be solved to obtain the following expression
for DM as a function of RT:DM ¼ RMðw1DTðB
2 þ BðRM þ RTÞ þ RMRTÞ  w2BðDT þ RTÞðRM  RTÞÞ
w1RTðB2 þ BðRM þ RTÞ þ RMRTÞ þ w2BðDT þ RTÞðRM  TTÞ : ð13ÞTo test these four quantitative models, we repeated
Wallach’s achromatic color matching experiment and
compared the abilities of the matching Eqs. (7), (9), (11),
and (13) to ﬁt the empirical relationship between DM
and RT.2. General methods
Experimental stimuli were generated on an Apple
cinema display: a 22-inch LCD computer monitor under
the control of an Apple G4 computer in a dimly lit
room. A photometer (Photo Research model PR-650)
was used to measure screen luminance at each of the
available 256 achromatic RGB levels and the display
was linearized through the use of a lookup table.
The displays were viewed binocularly from a distance
of 0.87 m. Head position was maintained using a chin
rest. Otherwise, the subjects were allowed free viewing.
DT was ﬁxed throughout all experiments at the value
1.02 cd/m2 (0.009 log cd/m2) and RM was ﬁxed at the
value 3.96 cd/m2 (0.597 log cd/m2). The luminance of the
background ﬁeld was 0.10 cd/m2 ()1.00 cd/m2).
The subjects in the experiments were experienced
psychophysical observers who were naive with regard to
the experimental hypotheses, except for subject IKZ
who is the second author of this report and was aware of
the hypotheses.3. Experiment 1: Wallachs Ratio Rule revisited
In Experiment 1, we repeated Wallach’s achromatic
color matching experiment for the purpose of discrimi-nating between the four models: the Ratio Rule, the
Weighted Log Luminance Ratio model, the Weighted
Log Luminance Ratio model with Blockage, and the
Weighted Michelson Contrast model.
3.1. Methods
A diagram of the visual stimulus is shown in Fig. 1a.
The observer’s task was to adjust DM to achieve an
achromatic color match to the test disk as a function of
RT. DT and RM were ﬁxed at the values reported in the
General Methods section. RT was varied from trial to
trial by random sampling from a set of six luminance
values spaced equally in RGB units from 2.54 to 6.31 cd/
m2 (0.405–0.800 log cd/m2). Each of the six luminance
values was presented six times within a block of trials.
Four observers participated in three blocks of trialseach, for a total of 18 observations per observer at each
level of RT. The radius of each disk and the width of
each ring was 0.35 deg.3.2. Results
In Fig. 2, the log luminances of the matching disk
settings are graphed as a function of log test ring lumi-
nance for each of the four observers. The Ratio Rule
and Weighted Log Luminance Ratio model both predict
that the data should fall on a straight line in this plot,
whereas the Blockage model predicts that the data
should fall on a curve that is described by a quadratic
function of logRT. As can be seen from the plots, the
data appear to fall on a straight line.
To test for the presence of a quadratic component, a
stepwise regression analysis was performed separately
on the data from each of the four psychophysical
observers. logDM was entered as the dependent variable,
and logRT and log
2 RT were entered sequentially as the
independent variables. The linear model, which included
only the independent variable logRT, was signiﬁcant for
all four subjects (LT: F ð1; 103Þ ¼ 1424:760, p < 0:0005;
IKZ: F ð1; 106Þ ¼ 2128:698, p < 0:0005; JL: F ð1; 106Þ ¼
919:190, p < 0:0005; AD: F ð1; 106Þ ¼ 959:343, p <
0:0005) and accounted for 93.3% (LT), 95.3% (IKZ),
89.7% (JL), and 90.1% (AD) of the variance in logDM.
The average variance accounted for by the linear model
was 92.1%.
When log2 RT was entered as a second independent
variable, a signiﬁcant improvement in the amount of
variance accounted for was obtained for three out of the
four subjects (LT: F ð1; 102Þ ¼ 5:394, p ¼ 0:022; IKZ:
Fig. 2. Quantitative measures of the achromatic color induction pro-
duced by the test ring as a function of its luminance for each of the four
observers in Experiment 1. For each observer, the log of the matching
disk setting is straight-line function of the log of the test ring. The
slopes of this function for diﬀerent observers are all between )1 and 0,
as predicted by the Weighted Log Luminance Ratio edge integration
model. The best-ﬁt regression line slopes and associated 95% conﬁ-
dence limits are )0.639± 0.033 (LT), )0.791± 0.034 (IKZ), )0.723±
0.047 (JL), and )0.657± 0.042 (AD). The dotted line in the ﬁgure has a
slope of )1 and indicates the achromatic color matches predicted by
Wallach’s Ratio Rule. The solid line, labeled ‘‘light meter,’’ has slope
0 and indicates the response that would be produced if the observer
made a luminance match, which would imply that the test ring lumi-
nance failed to inﬂuence the achromatic color of the test disk.
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p < 0:0005; AD: F ð1; 105Þ ¼ 1:005, p ¼ 0:318). How-
ever, for the three observers for whom the improvement
was statistically signiﬁcant, the extra variance accounted
for by the addition of the quadratic term was quite
small: 0.3% (LT); 0.6% (IKZ); and 1.5% (JL).
Recall that in order for the quadratic model to be
interpretable in terms of the partial blocking by the
inner edge of the ring of an induction signal originating
from the outer edge of the ring it must be the case that
a < 0. The latter condition is equivalent to the condition
that the coeﬃcient multiplying the quadratic term in Eq.
(11) is negative, since logB < logRM in this experiment.
For the three subjects for whom the addition of the
quadratic term produced a statistical improvement in
the model ﬁt, we obtained estimates of this coeﬃcient
whose sign varied inconsistently across subjects: )0.327
(LT), )0.534 (IKZ), and 0.803 (JL). For Subjects LT
and IKZ, the sign of the coeﬃcient is negative, consis-
tent with the blockage hypothesis. In the case of Subject
JL, the sign of this coeﬃcient is positive, so the 1.5%
improvement in the ﬁt of the quadratic model to her
data cannot be interpreted in terms of blockage. For this
subject, the blockage model can in fact be statistically
rejected. This conclusion follows from the fact that the
linear model is statistically rejected, and a model with a
negative coeﬃcient would necessarily produce a worseﬁt to the data than does the linear model. The source of
the small but statistically reliable quadratic components
seen in the data of three of the four observers remains
unclear. Because of individual diﬀerences between
observers in the signiﬁcance and direction of the qua-
dratic coeﬃcients, we conclude that our results do not
provide strong support for the blockage hypothesis as a
robust phenomenon, common to all observers, under
the conditions of our experiment.
The Ratio Rule predicts that the slope of the plots in
Fig. 2 should be )1.0. The WLLR model predicts that
the slopes of the plots should be negative, less than zero
(the slope that would be expected if there were no
induction at all, labeled ‘‘light meter’’ in the ﬁgure), and
greater than )1.0 (Ratio Rule prediction). For all four
observers, the intermediate result was observed; the best
ﬁt linear regression slopes obtained from the linear
analysis and their associated 95% conﬁdence limits were
0:639 0:033 (LT), 0:791 0:033 (IKZ), 0:723
0:047 (JL), and 0:657 0:041 (AD). Thus, the results
from all four observers favor the WLLR model over the
Ratio Rule.
For comparison with the Weighted Michelson Con-
trast model, we performed a least-squares ﬁt of the
WMC model (Eq. (13)) to the data relating DM to RT for
each of our four psychophysical observers. The induc-
tion strength ratio w2=w1 was allowed to vary as a free
parameter. The proportions of the variance in DM ac-
counted for by the least-squares parameterization of the
WMCmodel were 53.2% (LT), 94.8% (IKZ), 62.8% (JL),
and 72.9% (AD). These proportions were compared by
an F -ratio test to the proportions of variance accounted
for by the least-squares parameterization of the WLLR
model, in which the ratio w2=w1 was also allowed to vary
as the single free parameter. The resulting F -ratios were
LT: F ð104; 104Þ ¼ 1:75, p ¼ 0:002; IKZ: F ð107; 107Þ ¼
1:01, p ¼ 0:4795; JL: F ð107; 107Þ ¼ 1:43, p ¼ 0:033; AD:
F ð107; 107Þ ¼ 1:24, p ¼ 0:139. F -ratios exceeding the
value 1 indicate that the WLLR model accounted for a
greater proportion of the variance in the matching disk
setting than did the WMC model. All four F -ratios were
greater than one, and two out of the four tests indicated
that the WLLRmodel provided a reliably better ﬁt to the
data, with the critical p-value for each test set to 0.05.
The estimated induction strength ratios w2=w1 ob-
tained from the least-squares ﬁts of the WMC model
were 1.53 (LT), 1.41 (IKZ), 0.41 (JL), and 1.55 (AD).
Three out of four of these ratios were greater than one.
Because the results of all previous edge integration
analyses indicate that w2 < w1, we examined for each of
the three subjects for whom the best-ﬁt estimates w2=w1
were greater than 1.0 whether the model with uncon-
strained parameters provided a signiﬁcantly better sta-
tistical ﬁt to the data than did the best-ﬁt model
constrained so that w2 < w1. In all three cases, the least-
squares estimate of the ratio w2=w1 obtained for the
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WMC model with this parameterization accounted for
52.0% (LT), 94.1% (IKZ), and 71.6% (AD) of the vari-
ance the observers’ matching disk settings. For all three
observers, the unconstrained model failed to account for
a signiﬁcantly larger proportion of the variance than did
the best-ﬁt unconstrained model; LT: F ð104; 104Þ ¼
1:02, p ¼ 0:454; IKZ: F ð107; 107Þ ¼ 1:01, p ¼ 0:480;
AD: F ð107; 107Þ ¼ 1:02, p ¼ 0:459. Thus, we failed to
reject the hypothesis that w2 < w1 in all three cases. In
summary, our data do not lead us to reject the
hypothesis that the induction weights assigned to border
contrasts decline with distance. Nevertheless, for three
out of our four observers, the assumption that disk color
is computed from a weighted sum of Michelson con-
trasts leads to a least-squares estimate of the induction
strength ratio that is not consistent with that hypothesis.
By comparison, the w2=w1 ratios estimated from the
least-squares ﬁt of the WLLR model were 0.361 (LT),
0.209 (IKZ), 0.277 (JL), and 0.343 (AD). All four of
these latter values are consistent with a version of the
WLLR model for which the weights assigned to border
induction signals decline with distance. Overall, the re-
sults of the statistical ﬁts favor theWLLRmodel over the
WMC model. If the WMC model is nevertheless as-
sumed to hold, then our data do not lend positive sup-
port to the auxiliary hypothesis that the weights given to
border contrasts decay with distance from the test.Fig. 3. Dependence of the induction strength of the test disk surround
ring on the ring width for the two observers in Experiment 2. Experi-
ment 1 was repeated at nine diﬀerent ring widths. For each ring width
and each observer, a logDM vs logRT plot was constructed, as in Fig.
1. These plots were all ﬁt satisfactorily by linear functions having
slopes between 0 and )1, as predicted by the WLLR model. Steeper
negative slopes indicate stronger achromatic color induction from the
ring. The slopes of these functions are plotted here as a function of ring
width. According to the WLLRmodel, the slopes are interpreted as the
ratio w2=w1 of the strength of the lightness induction produced by the
outer ring border to the strength of the darkness induction produced
by the disk/ring border. It can be seen from the plot that this quantity
decreases as a function of the distance between the outer ring edge and
the disk, as predicted by the Weighted Log Luminance Ratio model.4. Experiment 2: dependence of disk lightness on ring
width
Past quantitative analyses of achromatic color
matching data suggest that the weight w2 given to the
induction signal generated by the outer ring border de-
creases as a function of the distance between this border
and the test disk (Reid & Shapley, 1988; Rudd & Ar-
rington, 2001). This leads to the prediction that the
induction strength ratio w2=w1 should decrease as a
function of ring width.
We tested this prediction in the context of the WLLR
model in Experiment 2 by repeating Experiment 1 with
rings of various widths, ranging from 0.06 to 2.48 deg.
The radius of the inner border of the ring was ﬁxed at
0.35 deg and the radius of the outer borders was varied
to manipulate the ring width. According to the
hypothesis, as the outer border radius is increased, the
slope of the logDM vs logRT plot should decrease to-
wards the value )1.0 (see Eq. (9)). A slope of )1.0
should be obtained when the distance between the test
disk and the outer ring border is out of the spatial range
of the achromatic color induction process. In the limit of
a large ring width, the disk appearance should be
determined completely by the log luminance ratio of the
disk/ring border.4.1. Methods
Experiment 1 was repeated with nine test surround
ring widths: 0.06, 0.18, 0.35, 0.70, 1.06, 1.41, 1.77, 2.13,
and 2.48 deg. RT was chosen randomly on each trial
within a block without replacement. Two observers each
ran three blocks of trials at every ring size.4.2. Results
As shown in Fig. 3, for each ring width and for each
of two observers the plot of logDM vs logRT was linear,
as was also found in Experiment 1 and is predicted by
the WLLR model. The slopes of the plots decreased
towards the value )1.0 as the ring width increased,
consistent with the assumption that the weights given to
log luminance ratios at edges decrease as a function of
distance.
Over the range of ring widths investigated, the slope
of logDM vs logRT decreased as a roughly linear func-
tion of the logarithm of the ring width. The r2-statistics
corresponding to this logarithmic model are 0.933 (IKZ)
and 0.896 (JL). For comparison, the r2-statistics corre-
sponding to a model that assumes that the decrease in
induction strength is linear with distance are 0.777
(IKZ) and 0.638 (JL). Extrapolating the best-ﬁt loga-
rithmic model for each subject to the point at which the
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deg (JL). According to the WLLR model with spatially
decaying weights, a slope of )1 is expected to obtain at
the spatial limit of the underlying color induction
mechanism. It thus appears that achromatic color
induction has a range of about 3–6 deg under the con-
ditions of this experiment. This estimate should be
considered rough since it depends on both the assump-
tion that the plots in Fig. 3 are linear and on an
extrapolation beyond the range of ring widths studied.5. Experiment 3: additivity of lightness and darkness
induction signals
A key assumption of edge integration models and of
the WLLR model in particular is that the total achro-
matic color induction produced by a complex back-
ground is the sum of the individual induction eﬀects
produced by the luminance borders comprising that
background. Experiment 3 was performed to directly
test this assumption. In Experiment 3 we predicted, then
measured, the magnitude of the total induction eﬀect
produced by combining three circular edges located at
diﬀerent distances from the test disk after ﬁrst measur-
ing the magnitudes of the induction eﬀects produced by
the individual edges.
The combination of three inducing edges was pro-
duced by surrounding the test disk with two concentric
rings (Fig. 1b). The matching disk was surrounded by a
single ring only, as in Experiments 1 and 2. According to
the WLLR model, an achromatic color match should be
achieved for this stimulus when
w1 log
DM
RM
þ w3 logRMB ¼ w1 log
DT
R1T
þ w2 logR1TR2T
þ w3 logR2TB ; ð14Þ
where R1T is the luminance of the inner ring surround-
ing the test disk, R2T is the luminance of the outer ring,
and the subscripts on the w-coeﬃcients indicate the
distance between the border with which they are asso-
ciated and the test disk perimeter: w1 stands for w(0
deg); w2 stands for w(0.18 deg); and w3 stands for w(2.48
deg).
Eq. (14) was solved to obtain the following expression
for logDM in terms of the other variables and parame-
ters in the equation:
logDM ¼ logDT  1

 w2
w1

logR1T
þ 1

 w3
w1

logRM
 w2  w3
w1
 
logR2T: ð15ÞEq. (15) predicts that a log–log plot of the observer’s
matching disk settings versus outer ring luminance on a
log–log plot, should form a straight line having the slope
ðw2w3w1 Þ.
To test this prediction, we ﬁrst measured the induc-
tion strength ratios w3=w1 and w2=w1 in an independent
experiment in which the test disk was surrounded by a
single ring only. Three observers each performed two
versions of Experiment 1 in which the test surround ring
had widths of 0.18 and 2.48 deg, respectively. The
matching disk was surrounded by a single ring of width
2.48 deg in both experiments. Statistical estimates of
w3=w1 and w2=w1 were obtained from the slopes of the
observers’ logDM vs logRT plots derived from each of
these two experiments by application of Eq. (9).
These same three observers then performed achro-
matic color matches with the two-test-ring stimulus
shown in Fig. 1b. The observers adjusted the luminance
of the matching disk to achieve an achromatic color
match to the test disk as a function of the luminance of
the outer test ring. The luminances of all other ﬁelds
within the stimulus were ﬁxed. According to the WLLR
model (Eq. (15)), the slopes of the observers logDM vs
logR2T plots should be given by the diﬀerence between
the ratios w3=w1 and w2=w1 measured in the preliminary
single-ring experiments.5.1. Methods
The observers in the two-test-ring adjusted DM as a
function of R2T to achieve an achromatic color match
between the test and matching disks. R1T was ﬁxed at
the value 6.31 cd/m2 (0.800 log cd/m2) and R2T was
randomly varied from 2.54 to 6.31 cd/m2 (0.405 to 0.800
log cd/m2) in six steps of equal RGB units. DM and RM
were ﬁxed at the values 1.02 cd/m2 (0.009 log cd/m2) and
3.96 cd/m2 (0.597 log cd/m2) respectively. The width of
the matching ring was 0.35 deg (same as in Experiments
1 and 2).5.2. Results
The slopes of the logDM vs logRT plots and associ-
ated 95% conﬁdence intervals obtained in the pre-
liminary achromatic color matching experiment
performed with a single test ring of width 0.18 deg were
)0.635± 0.035 (JL), )0.696± 0.033 (IKZ), and
)0.621± 0.047 (ANZ). For each of the three observers,
estimates of the induction strength ratio w2=w1 were
obtained on the basis of Eq. (9), by adding 1 to these
slopes.
The slopes of the logDM vs logRT plots and associ-
ated 95% conﬁdence intervals obtained in the pre-
liminary achromatic color matching experiment
performed with a single test ring of width 2.48 deg were
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0.057 (ANZ). For each of the three observers, estimates
of the induction strength ratio w3=w1 were obtained by
adding 1 to these slopes.
The predicted slopes of the logDM vs logR2T plots
and associated 95% conﬁdence intervals for each of the
three observers were computed on the basis of Eq. (15)
by subtracting the estimated ratio w2=w1 from the esti-
mated ratio w3=w1. The predicted slopes were )0.169±
0.059 (JL), )0.236 ± 0.071 (IKZ), and )0.202± 0.106
(ANZ). The measured slopes were )0.221± 0.029 (JL),
)0.217± 0.019 (IKZ), and )0.228± 0.076 (ANZ). The
diﬀerences between predicted and measured slopes were
)0.052± 0.066 (JL), 0.019± 0.073 (IKZ), and )0.026±
0.130 (ANZ). The average diﬀerence between the pre-
dicted and measured slopes was )0.019, which is 8.6% of
the average measured slope value. A graphical com-
parison of the predicted and measured slopes is pre-
sented in Fig. 4.5.3. Discussion
The results of all three of our experiments are con-
sistent with the hypothesis that achromatic color is
computed from a linear combination of independent
induction eﬀects generated by borders. Clearly, what-
ever the actual neurophysiological basis of achromatic
color induction, it has at least some of the quantitative
properties of an edge integration mechanism.
The experimental results also support, more speciﬁ-
cally, the quantitative predictions of the Weighted Log
Luminance Ratio edge integration model over either the
elaborated Weighted Log Luminance Ratio model with
Blockage (Rudd, 2001; Rudd & Arrington, 2001), the
Weighted Michelson Contrast model (Reid & Shapley,
1988; Shapley & Reid, 1985), or Wallach’s Ratio Rule
(Wallach, 1948, 1963).Fig. 4. Statistical comparison of the measured slopes of the logDM vs
logR2T plots for the three observers in Experiment 3 with the theo-
retical slopes predicted on the basis of the Weighted Log Luminance
Ratio model (see text for theoretical derivation of the predicted
slopes). Solid dots indicate the average predicted and measured slope
pairs for each of the three observers. Error bars indicate the associated
95% conﬁdence intervals. The open rectangle indicates the average
predicted and measured slope pairs for all three observers combined.
The model predicts that the data will fall on the diagonal line.5.4. Power law model vs the Ratio Rule
Our results corroborate well-known deviations from
the Ratio Rule in the direction of a luminance match for
brightness matches (Arend & Goldstein, 1987; Gilchrist,
1988; Rudd & Arrington, 2001; Wallach, 1963).
The observed linear relationships between logDM and
logRT across experiments and observers imply that DM
is a power function of RT. The power function exponent
is given by the slope of the log–log plot. In Experiment
1, with a ring width of 0.35 deg, exponents ranged from
)0.639 to )0.791. In Experiment 2, when the ring width
was reduced to 0.06 deg, the exponents for Subjects IKZ
and JL increased from )0.791 (IKZ) and )0.723 (JL) to
)0.573 and )0.546. The largest deviation from the Ratio
Rule occurred for Subject JL in Experiment 2. At the
highest test ring luminances within the 0.4 log unit range
investigated––6.31 cd/m2 (compared to 1.02 cd/m2 test
disk luminance)––the darkness induction exerted by the
ring was about 44% of the value predicted by the Ratio
Rule for this subject and stimulus condition.
5.5. Comparison of edge integration models and possible
importance of edge contrast polarity
Although the Weighted Log Luminance Ratio model
accounted for a greater percentage of the variance in the
observers’ matching disk settings in our experiments
than the Weighted Michelson Contrast model did, the
basic principles behind the two models are obviously
quite similar. Reid and Shapley (1988) proved that the
two models are mathematically equivalent at low border
contrasts. In Experiment 1, we investigated disk/ring
luminance ratios ranging from of 16–40%. Over this
range, the WMC model did a reasonably good job of
accounting for the data. However, for three out of the
four subjects in this experiment a least-squares ﬁt of the
WMC model to the achromatic color matching data
resulted in an estimate of the induction strength ratio
w2=w1 that was larger than 1.0, suggesting that the
weight assigned to the induction signal from the outer
ring edge was larger than the weight assigned to the
induction signal from the inner edge. This result fails to
support the particular version of the WMC model pro-
posed by Reid and Shapley in which w2 < w1.
In fact three out of four observers in our experiment
exhibited a pattern opposite to that observed for all of
the subjects in Reid and Shapley’s experiment. One
likely possibility for the discrepancy is that the WLLR
model, which consistently yielded a w2=w1 ratio that was
less than 1.0 in our experiments, is a better quantitative
model of the data. A second possibility is that the dif-
ference between our results and those of Reid and
Shapley stems from diﬀerences in the contrast polarities
of the disk-and-ring stimuli used in the two studies.
Reid and Shapley’s test and matching disks were both
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rings, but one disk was encompassed by a ring that was
more luminant than its surround and the other disk was
encompassed by a ring that was less luminant than its
surround. Our test and matching disks were both
decrements and they were both surrounded by rings that
were more luminant than the background ﬁeld.
Our results also failed to support the Blockage model
(Rudd, 2001; Rudd & Arrington, 2001). This raises the
question of why the blocking hypothesis was required in
order to account for the data from the experiment of
Rudd and Arrington, while no evidence for blockage
was found in the current study. Recent achromatic color
matching experiments carried out in our lab using
stimuli consisting of either incremental and decremental
disks surrounded by single rings (Zemach & Rudd,
2002) suggest that the presence or absence of blockage
depends critically on the contrast polarity of the outer
ring border.
5.6. Neural ﬁlling-in as a mechanism of edge integration
Our psychophysical results raise the question of the
neurophysiological basis of perceptual edge integration.
Rudd (Rudd, 2001; Rudd & Arrington, 2001) proposed
an edge integration model based on a presumed under-
lying ﬁlling-in process. In that model, lightness and
darkness induction eﬀects are linearly combined by a
lateral spreading of independent neural lightness and
darkness induction signals within a spatiotopic neural
color map of the image. For disk-and-single-ring stim-
uli, the assumptions of the ﬁlling-in model are consistent
with the achromatic color matching Eq. (10). The results
of the experiments reported here are also consistent with
this equation, provided that the parameter a ¼ 0. This
eliminates the blocking mechanism proposed by Rudd
and Arrington, but it does not eﬀect the plausibility of
the proposed ﬁlling-in edge integration mechanism.
There is neurophysiological evidence from single-cell
recording studies in monkey V1 to support the claim
that neural signals whose magnitudes depend on log
luminance ratios at borders spread spatially with the V1
spatiotopic cortical map. Kinoshita and Komatsu (2001)
identiﬁed three subpopulations of V1 neurons whose
activities exhibited sensitivity to luminance changes
within regions of the retinal image lying outside the
classical receptive ﬁelds of the neurons, beginning 520–
1220 ms after stimulus onset. One of these three classes
of neurons––referred to by Kinoshita and Komatsu as
Type II neurons––exhibited ﬁring rates at these latencies
that increased in direct proportion to the log lumi-
nance of a surface that contained the neurons’ classical
receptive ﬁeld, and decreased in direct proportion to the
log luminance of the a frame surrounding this surface
that lay well outside the neurons’ classical receptive
ﬁeld. Kinoshita and Komatsu suggested that this sub-population of neurons forms the basis of human ach-
romatic color percepts.
Although the observed behavior of the Type II cells
does not provide direct support for a ﬁlling-in-based
edge integration mechanism, it does demonstrate the
existence of a necessary component of such a mecha-
nism: a long-range induction mechanism in V1 that in-
duces neural activity that is directly proportional to the
log luminance ratio of luminance borders lying outside
the classical neural receptive ﬁeld. If it were further
demonstrated that multiple luminance borders are able
to co-modulate the activity of Type II neurons in a
linearly additive fashion, then the non-classical receptive
ﬁeld characteristics of these neurons would provide a
plausible neural basis of the perceptual edge integration
observed in our experiments.
5.7. Generalization of the WLLR model to arbitrary gray-
scale images
The Weighted Log Luminance Ratio model, as de-
ﬁned here, is only applicable to two-dimensional images
containing sharp luminance borders. To compute ach-
romatic colors corresponding to regions within arbitrary
gray-scale images, which may include blurred edges,
some appropriate generalization of the model must be
sought. Here we brieﬂy outline one possible generaliza-
tion of the model that utilizes spatial ﬁlters, such as
those known to exist in the primate visual system (De
Valois, Albrecht, & Thorell, 1982; De Valois & De
Valois, 1988; Wilson & Gelb, 1984; Wilson & Regan,
1984), to perform this task. Since log luminance ratios
are equivalent to diﬀerences in log luminances, log
luminance ratios could be computed at diﬀerent spatial
scales by ﬁrst computing the log luminance at each point
in the image to obtain a new image comprising the
pointwise log luminance values of the original image,
then convolving the new image with spatial kernels that
are simultaneously tuned to spatial frequency, orienta-
tion, and contrast polarity, such as two-dimensional
odd-symmetric Gabor functions (Daugman, 1985). The
outputs of the Gabor ﬁlters could then be linearly
summed over space to perform edge integration. The
linear summation could be carried out neurally by ‘‘edge
integrating’’ neurons whose receptive ﬁelds pool the
outputs of lower level ‘‘edge detecting’’ neurons that
instantiate the Gabor ﬁlter.
Previously proposed multi-scale ﬁlter models are able
to account for a large body of achromatic color
matching data from experiments using many diﬀerent
types of stimuli without assuming edge integration
(Blakeslee & McCourt, 1997, 1999, 2001, 2003). Multi-
scale ﬁltering alone, however, does not appear to pro-
vide any rationale for the fact that achromatic color
matches carried out with disk-and-ring stimuli vary as
a power law of test ring luminance (e.g., Arend &
M.E. Rudd, I.K. Zemach / Vision Research 44 (2004) 971–981 981Goldstein, 1987; Rudd & Arrington, 2001). Nor have
they suggested why ring size should control the expo-
nent of this power law as shown here. The Weighted Log
Luminance Ratio model, on the other hand, not only
accounts for the power law form of the achromatic color
matching function, including its dependence on ring
size, but it also gives a plausible functional and mech-
anistic interpretation of this function in terms of edge
integration. Since it is well known that the visual system
contains banks of spatial ﬁlters at multiple scales, and
that spatial ﬁltering can be expected to at least partially
determine achromatic color percepts in natural images,
further research is needed to address the question of
how much of the computation of achromatic color is
accomplished by spatial ﬁltering and how much, if any,
is accomplished by an additional edge integration pro-
cess.Acknowledgements
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